Lecture I:  Vectors
A vector is a physical quantity that requires both a magnitude and a direction for its specification. Examples are displacement, velocity, acceleration, force, etc.

We use bold-faced letters or letters with an arrow on top as symbols for vectors. When you see a vector symbol A, or
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, don’t consider it to be a number.  Rather you should picture it as an arrow.  The length of the arrow represents its magnitude, for which we use the symbol 
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, which then is a positive number.  The placement of the arrow is immaterial: you can slide the vector over the paper without changing the fact the same vector is represented:
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The direction of a vector is specified by some angle measured from a reference direction. On earth we have the reference directions East, South, West and North. The direction of the vector as shown:
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can be described as 30º N of W, meaning that we start from W and rotate toward N for 30º. We can also describe the direction as 60º W of N.  In general, we can choose the reference directions as the x or the y axes of a coordinate system.
The sum of two vectors A and B, denoted by C=A+B, can be constructed into two ways.

(A) Tip-to-toe method

By sliding vector B, lay its toe on the tip of A. In the resulting picture, the arrow joining the toe of A to the tip of B is the vector sum C:
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Note that in the particular case when A and B are aligned, the triangle collapses into a line:
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(B) Parallelogram Rule

Place A and B so that their toes coincide. Complete the parallelogram with A and B as adjacent edges. The diagonal joining the common toes to the opposite corner of the pralleleogram is the vector sum C.


[image: image7]
Looking at the lower triangle of the above figure, you should see that the two methods give the same result. Looking at the upper triangle and following the tip-to-toe definition of vector sum also shows that A+B=B+A, the commutative law.

The tip-to-toe rule is easily generalized to find the sum of any number of vectors, in which case, you would complete a polygon instead of a triangle:


[image: image8]
To calculate the magnitude and direction of a vector sum requires knowledge of trigonometry. In the next lecture, you’ll learn the component method for doing such problems. For now, let’s consider the special case when A is a displacement of 10mi due North and B is 20 miles due West. The resulting displacement vector C=A+B is as shown:
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The length of the arrow C is clearly not 10+20=30!    So never write
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The correct answer is from Pythagorus theorem:
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The reverse vector –A of a vector A is defined to be with the same magnitude of A but in the opposite direction. If you form the sum A+(-A) using the tip-to-toe rule, you get the zero vector 0. 
The vector difference A-B can be defined succinctly by the relation

A-B=A+(-B)

According to this, to form the difference D=A-B, we first reverse the vector B to get –B, then add –B to A:
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 There is another method of obtaining the difference starting with both vectors having a common toe. The difference D=A-B is the vector pointing from the tip of B to the tip of A.

[image: image13]
To see that we do get the right answer, note that the above figure tells us that B+D=A if we apply the tip-to-toe rule of addition, which is what we require if D represents A-B.

Lecture 2  Vector Components

[image: image36.emf] 

B 

[image: image37.emf] 

-B 

For a right angle triangle with edges 
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b

a

,

,

and an acute angle 
[image: image15.wmf]q

 as shown, we have the following relations:
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The definitions of sine and cosine can also be rewritten as
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(1)

which are particularly useful for calculations involving vector components.

The component of a vector A along a reference direction R is obtained from the following procedure. First, draw perpendiculars from the toe and the tip of A onto a line containing the direction R. The two intersections of these perpendiculars with the line define a segment on the line called the projection of the vector. The operation itself is called projecting the vector onto the line.  The projection also carries a direction inherited from the vector A.  The magnitude of the component of A is then equal to the length of the projection. The sign of the component is positive or negative depending on whether the inherited direction of the projection is the same as, or opposite to, the direction R. 
















































































When the reference direction is the x or y axis of a coordinate system, the components are called the x and y-components respectively, and are denoted by 
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 and 
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According to the definition as described, finding component involves a geometrical construction followed by identifying a triangle that contains the component as one of the sides, identifying an angle in the triangle, and followed by the use of one or the other of the relations in (1). This is best illustrated by examples.

Consider a vector A of length 5 units making 30° with the x-axis as shown.




























































































































To find the x component, the requisite construction leads to the figure on the right, which identifies a triangle containing the x-component as the heavy arrow on the x-axis. Since the latter is adjacent to the 30° angle, we use the cosine relation in Eq.(1). Since the arrow of the projection is in the same direction as the x-axis, the sign is chosen to be positive. Thus,
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As another example, to find the y-component of the vector B of length 4 as shown:
















































































































The projection on the y-axis as shown in the figure on the right side is opposite to the 
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 angle and is directed oppositely to the y direction. Therefore the y component is
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As a third example, for the vector C forming a diagonal of a square of side 3 as shown:




we have
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from the projections identified as sides of the square.

When the components of a vector are known, we can construct the vector, meaning: to find its magnitude and direction. The procedure is illustrated by the following example: Given 
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, find the vector A. 


First, we draw the x and y axes and mark off the points P:
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. Then we draw the vector A by connecting the origin of the coordinate system to the point P. Next we form a triangle that has the vector as a hypotenuse and include one of the components as a side.
































































































From this triangle we find
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The direction can be given by the angle 
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 identified in the figure. We have
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 and so   
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You can choose any angle you like as long as it is clearly identified in a diagram

If C is the sum of vectors A and B (C=A+B), its components are equal to the sums of the respective components of A and B:
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This can be seen from the following figure for the x components. 
































































The formulas are good even when some of the components are negative, as illustrated by the following figure, showing a positive Ax added to a negative Bx
to give a negative Cx

 















































































































































Component method of Vector Addition:

Procedure:

(1) Find components of all vectors. 

(2) Add respective components to find the component of the vector sum.

(3) Construct the vector sum from its components.

Example: An object is pulled by two forces  F1 and F2. F1 has magnitude 4N (N stands for Newton, a unit of force) and is in the direction 40°S of E. F2 has magnitude 5N and is due West. Find the resultant. (The resultant of a number of forces is means the sum of the forces)



























































































































Step 1: The components of the forces are first found as follows:
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Step 2: Let S denote the sum: S=F1+F2 . Its components are given by. 
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Step 3:  Construct the vector S: 
















































The length of S is
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Its direction is given by the angle 
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which is defined in the figure.

The component method applies to the addition and subtraction of any number of vectors.  
The same vector
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